Let A be the automorphism group of the unit interval with its usual order relation, and let B be the embedding of the multiplicative group of positive real numbers into A given by exponentiation. Strict t-norms are in one-to-one correspondence with the right cosets of B in A: Here, we identify the normalizer N of B in A and give explicit formulas for the corresponding set of t-norms.
Introduction
Triangular norms (t-norms) are binary operations on the unit interval [0; 1] and are central items of study in fuzzy set theory. In [1] , group theoretic aspects of t-norms are emphasized, but some basic questions are left unanswered. We address them here. We begin with some necessary notation and terminology.
Let I = ([0; 1] ; ), the unit interval with its usual order relation. An automorphism of I is a one-to-one mapping of I onto I such that f (a) f (b) if and only if a
b. An anti-automorphism of I is a one-to-one mapping g of I onto I such that g (a)
g (b) if and only if a b. The set M ap (I) of all automorphisms and anti-automorphisms is a group under composition of maps, and the set Aut (I) of all automorphisms is a subgroup of index 2 in M ap (I). A copy of the multiplicative groups of real numbers is contained in 
4. The operation is increasing in each variable-that is, x x 1 and y y 1 imply that x y x 1 y 1 .
A t-norm is convex if whenever x y c x 1 y 1 , then there is an r between x and x 1 and an s between y and y 1 such that c = r s. A t-norm is Archimedean if for each a; b 2 (0; 1), there is a positive integer n such that a n < b. The condition of convexity is equivalent to that of continuity.
A t-norm is nilpotent if for a 6 = 1, a n = 0 for some positive integer n, the n depending on a. Those convex Archimedean t-norms that are not nilpotent are called strict. From now on, unless speci…cally stated otherwise, all t-norms will be strict.
A dual notion is that of t-conorm. We refer to [1] for details. The connection between t-norms and the group Aut (I) is this [2] :
Theorem 1 An Archimedean t-norm is strict if and only if there is an element f 2 Aut (I) such that f (x y) = f (x) f (y). Another element g 2 Aut (I) satis…es this condition if and only if f = rg for some r 2 R + (where r denotes the function de…ned by r (x) = x r ).
Such an element f is called a generator of the t-norm .
Corollary 3 For an automorphism f of I, let f be given by
is a one-to-one correspondence between the strict t-norms on [0; 1] and the right cosets of the subgroup R + in Aut (I).
Were R + a normal subgroup in Aut (I), this would put a natural group structure on the set of all (strict) t-norms. This is not the case, however. That is, the normalizer f 2 Aut (I) :
is not all of Aut (I). But the set of t-norms with generators in the normalizer of R + in the group Aut (I) does carry a group structure, and our primary concerns are identifying this group and giving explicit formulas for the corresponding set of t-norms.
We will proceed a little more generally, viewing R + as a subgroup of M ap (I). Anti-automorphisms f are generators of t-conorms, given by
We denote the groups M ap (I), Aut (I), N (R + ) and C (R + ) by M , A, N , and C, respectively.
Proof. If f 2 M and f r = rf for all r 2 R + , then for
Thus f preserves multiplication on (0; 1). If f is an anti-automorphism, then there is an x 2 (0; 1) with f (x) 6 = x, and f has a …xed point y. Let x r = y. Then f (x r ) = x r = (f (x)) r 6 = x r . So f 2 A, and f (xy) = f (x) f (y). By Corollary 2, f (x) = x r for some r. This means that f 2 R + .
k , c > 0, k 6 = 0 o and let R be the multiplicative group of nonzero real numbers. It is straightforward to show that S is a subgroup of M and that S ! R : f ! k is an epimorphism with kernel
that is, with kernel R + . Now let f 2 N . Then for r 2 R + ; the automorphism,
is order preserving, or order reversing. For example, if f 2 A, and r 1 < r 2 , then
It is well known that order preserving or order reversing automorphisms of R + are maps r ! r t with t 2 R . This is perhaps better known as the fact that order preserving or order reversing automorphisms of the additive group of the real numbers R are just multiplication by nonzero elements of R. The multiplicative group R + is order isomorphic to R via the function ln.
From f 1 rf = r t , we get the map N ! R : f ! t, which is an epimorphism. It is an extension of the map above from S to R with 1 k corresponding to t, and since S ! R is onto, so is N ! R . The kernel of S ! R is R + . The kernel of N ! R consists of those f 2 M such that f 1 rf = r, that is, the centralizer of R + . We showed in Lemma 4 that that was R + . It follows that N = S and that the normalizer of
We now determine the group structure of N and N = R + , those t-norms and tconorms with generators in N . Let R denote the multiplicative group of nonzero real numbers. For f (x) = e c( ln x)
Thus we have the following.
Corollary 6
The normalizer N of R + in M is isomorphic to the group
with multiplication given by
The subgroup R + corresponds to f(c; 1) : c 2 R + g and N = R + with f(1; k) : k 6 = 0g. Thus the natural group structure carried by the set of norms and conorms with generators in N is the multiplicative group R of the nonzero real numbers.
The group N splits: N = C K, with C normal, corresponding to R + , and K isomorphic to R .
To …nd the norms and conorms with generators in N , for f 2 N , we must compute
Of course, the quantity c does not appear in the formula since the norm or conorm generated by f is independent of c. It is straightforward to check the items in the following corollary.
Corollary 7 The t-norms with generators in N are given by
with k positive. The t-conorms with generators in N are given by
with k negative. Ordinary multiplication is the identity element of the group of tnorms and t-conorms. That is, for k = 1;
x y = e ( ln x ln y) = xy.
The t-norms correspond to the positive elements R + of the group R ; given by its parameter k in the equation e (( ln x)
Thus with each such t-norm with parameter k; there is associated the conorm with parameter k: A negation is an element of M of order 2. That is, 2 is the identity automorphism. A t-norm is dual to a t-conorm with respect to a negation if
It is an easy calculation to verify the following corollary. All the generators of the norms and conorms e (( ln x)
This is because these norms and conorms do have generators in N; namely e c( ln x) k ; with the positive k giving norms and the negative k giving conorms. Generators are unique up to composition with an element of R + ; and since N contains R + ; our claim follows. If a norm with generator f is dual to a conorm via a negation ; then f is a generator of the conorm. (See [1] , page 745, for example.) Thus if a norm and conorm with generators in N are dual, then they must be dual with respect to a negation in N: But for a generator f (x) = e c( ln x) k of a norm, and negation e d= ln x ; f (x) = e ( c=d)( ln x) k :
Corollary 9 Let k and r be positive. Then the t-norm e (( ln 
